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Abstract
We have studied how parton distributions based on the inclusion of nonlinear scale evolution and constraints from HERA
data affect charm production in pp collisions at center-of-mass energies of 5.5, 8.8 and 14 TeV. We find that, while the resulting
enhancement can be substantial, it is very sensitive to the charm quark mass and the scale entering the parton densities and the
strong coupling constant.
 2004 Published by Elsevier B.V. Open access under CC BY license.1. Introduction
Global fits of the parton distribution functions
(PDFs) such as those by CTEQ [1,2] and MRST [3–5],
based on the Dokshitzer–Gribov–Lipatov–Altarelli–
Parisi (DGLAP) [6] scale evolution, successfully de-
scribe the proton structure function, F2(x,Q2), deep
inelastic scattering (DIS) data in the “high (Q2, x)”
region, Q2  10 GeV2 and x  0.005. However, it
is not possible to maintain the excellent high (Q2, x)
DIS fit while simultaneously fitting the “low (Q2, x)”
region, 1.5  Q2  10 GeV2 and x  0.005 [5]. In
addition, the next-to-leading order (NLO) gluon dis-
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Open access under CC BYtribution becomes negative for sufficiently small x at
the few GeV2 scales.
Nonlinear corrections to the PDF evolution based
on gluon recombination were first derived by Gribov,
Levin and Ryskin [7] as well as Mueller and Qiu [8].
Recent work [9] showed that adding these GLRMQ
terms to the DGLAP equations can improve the
overall leading order (LO) fits to the HERA DIS
data [10]. The rapid Q2 evolution in the low (Q2, x)
region from DGLAP alone is slowed by the GLRMQ
recombinations. At Q2 scales far above the initial
scale Q20, the Q
2 evolution of the PDFs is again
described by the DGLAP equations since the GLRMQ
terms become negligible, see Fig. 1.
While the quark distributions are directly con-
strained by the HERA F2(x,Q2) data, the gluon dis-
tribution is constrained by the F2 slope, ∂F2/∂ lnQ2. license.
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DGLAP gluon distributions to be nearly independent
of x for scales of a few GeV2 [1,3] and also force
the NLO gluons to be negative. When the nonlinear
terms are included, the slowing of the Q2 evolution
leads to an enhancement of the small-x gluon distrib-
utions at Q2  10 GeV2 relative to the LO DGLAP
gluon distributions, subject to the same constraints
from HERA [9]. The effect of nonlinear evolution on
the NLO distributions is not yet fully explored by
global fits which include the low (Q2, x) region but
the results of Ref. [5] suggest that the enhancement is
smaller than at LO. This effect alone thus seems un-
likely to produce positive NLO small x gluon distrib-
utions at the few GeV2 scales.
In spite of the problems described above, the qual-
ity of the global DGLAP fits to the HERA data [1,3]
is good. The χ2 per degree of freedom is close to
one even when the low (Q2, x) region is included.
Therefore, F2 measurements at HERA alone may not
clearly differentiate DGLAP from nonlinear evolu-
tion and more direct probes of the gluon distribu-
tion are needed. In this Letter, we study whether the
parton distribution functions generated with the LO
DGLAP + GLRMQ evolution in Ref. [9] could give
rise to any significant enhancement relative to the
DGLAP-evolved PDFs in charm quark hadroproduc-
tion. Charm production is the best candidate process
since the charm quark mass is relatively low, 1.2 
mc  1.8 GeV, and its production is dominated by
gluons. These two characteristics should lead to the
most favorable conditions for a possible effect. The
Q2 scale at which the total cross sections are calcu-
lated is proportional to m2c and 4m2c . Thus the results
are sensitive to Q2. Unfortunately, due to the small
charm mass, the scale dependence is still significant at
NLO [11].
We focus on pp collisions since these nonlinear
distributions are not yet available for nuclei. Our cal-
culations are at leading order only since the nonlinear
parton distribution functions, referred to as EHKQS
hereafter, are only evolved to LO in Ref. [9]. We cal-
culate the possible effect as a function of rapidity and
transverse momentum of the charm quark and the cc
pair invariant mass. We study collisions at center-of-
mass energies
√
S = 5.5,8.8 and 14 TeV at the Large
Hadron Collider (LHC). These energies correspond to
the planned per nucleon energies of Pb+ Pb, pPb andFig. 1. Comparison of the EHKQS set 1 (solid curves) and
CTEQ61L (dashed curves) gluon distributions as a function of Q2
for, from lowest to highest, x = 10−2, 10−3, 10−4, 10−5 and, for
CTEQ61L only, 10−6.
pp collisions, effectively spanning the LHC energy
regime.
2. Formalism and inputs
2.1. Cross sections and parton distribution functions
Inclusive differential charm cross sections at high
energies are, to first approximation, computable as-
suming factorization. The cross section may be ex-
pressed as
dσpp→ccX
(
Q2,
√
S
)
=
∑
i,j,k=q,q,g
fi
(
x1,Q
2)⊗ fj (x2,Q2)
(1)⊗ dσˆij→cck
(
Q2, x1, x2
)
,
where σˆij→cck(Q2, x1, x2) are the perturbatively cal-
culable partonic cross sections for charm production
at scales Q2  Λ2QCD, x1 and x2 are the momentum
fractions of the partons involved in the hard scatter-
ing and fi(x,Q2) are the free proton parton densities.
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k = 0, i.e., no other partons are produced with the cc.
The LO matrix elements and partonic cross sections
for charm production can be found in Ref. [12]. In
the following, we consider the triple differential dis-
tributions, d3σ/(dpT dy dy2), where y and y2 are the
rapidities of the quark and antiquark and pT is the
quark transverse momentum. We also study the inclu-
sive distributions dσ/dy , dσ/dpT and dσ/dM where
M2 = 2m2T (1+ cosh(y− y2)) is the square of the pair
invariant mass and m2T = p2T + m2c is the transverse
mass of the quark.
The new inputs in this straightforward calculation
are the nonlinearly-evolved proton PDFs. The EHKQS
sets1 in Ref. [9] employ the CTEQ5L [13] and
CTEQ6L [1] PDFs as a baseline and require a good
fit to the HERA Fp2 (x,Q
2) data over the full (Q2, x)
range [9]. Three EHKQS sets were obtained when
the GLRMQ terms were included in the analysis. All
three EHKQS sets employ the initial scale Q20 = 1.4
GeV2 and ΛQCD = 0.192 GeV for four flavors but
differ in the treatment of the charm mass threshold in
the evolution. In set 1, a nonzero charm distribution
was allowed at Q20. Sets 2a and 2b assumed that there
was no charm quark distribution below Q20, turning on
when Q2 =m2c Q20. Set 2a assumed mc = 1.3 GeV
while set 2b took mc = Q0 =
√
1.4 GeV. The input
gluon distribution is the same in all cases so that the
small differences at high Q2 arise from the treatment
of the charm quark evolution. The choice of set 1,
set 2a or set 2b therefore makes very little difference
in the overall effect of the nonlinear terms on charm
production. Thus we only use EHKQS set 1.
We work at leading order since the EHKQS sets
are only evolved to LO using a one-loop evaluation
of the strong coupling constant αs . Thus these LO
distributions should generally not be mixed with NLO
matrix elements and the two-loop αs . The charm quark
pT distribution is broadened at NLO relative to the
LO calculation [11]. Therefore we study the ratios
of calculations with EHKQS relative to those with
a standard LO PDF set evolved using the DGLAP
equations alone. We quantify the effect with respect
to the CTEQ61L parameterization, the most recent
1 Available at http://www.urhic.phys.jyu.fi.LO fit to the PDFs that also uses a one-loop αs
[2]. The minimum scale of CTEQ61L is Q20 = 1.69
GeV2. This LO fit obtained a slightly higher value of
ΛQCD for four flavors, 0.215 MeV. In our CTEQ61L
calculations, for consistency with the PDF set, we use
this value in αs .
2.2. Comparison of EHKQS and CTEQ61L gluon
distributions
Before presenting our results, it is instructive to
discuss the differences between the EHKQS and
CTEQ61L gluon distributions in more detail. Since the
high
√
S collisions studied here probe the very low x
region, some remarks on the region of applicability of
the PDFs are in order. Below the minimum x and Q2
values assumed in the fits, the PDFs are essentially
unconstrained. At the scales studied here, described
in the following section, Q2 always remains above
the minimum scale of the PDF sets. However, the
region below the minimum x , xmin, is reached at large
rapidities and intermediate scales at the LHC. Thus the
behavior of the PDFs below xmin is an uncertainty for
all PDFs. This situation can only be improved by more
extensive small x constraints on the PDFs.
The minimum x of the EHKQS sets is xEHKQSmin =
10−5. For x < xEHKQSmin and Q2 of a few GeV2, ne-
glected power-suppressed terms in the evolution be-
come important and the DGLAP + GLRMQ results
are no longer trustworthy [9]. The CTEQ61L mini-
mum is an order of magnitude smaller than xEHKQSmin ,
x
CTEQ61L
min = 10−6. The very small x regions be-
low xmin are not excluded from our calculations. In-
stead, we assume that below xmin, fi(x < xmin,Q2)=
fi(xmin,Q2) for each set. We note that in the CTEQ-
61L table [14] the distributions are not constant below
x
CTEQ61L
min .
It is illustrative to compare the EHKQS set 1 and
CTEQ61L gluon distributions as a function of Q2
for several values of x , shown in Fig. 1. Due to the
nonlinear evolution, the Q2 dependence of EHKQS
set 1 is rather mild compared to CTEQ61L which
approaches a constant at Q20 and x → 0. Note that
for all x > 10−5, the EHKQS distributions are al-
ways above CTEQ61L although, at higher scales, the
distributions lie very close together. In the uncon-
strained region where x < 10−5, the situation clearly
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done. The CTEQ61L parameterization continues to
x
CTEQ61L
min . In this very low-x region, at Q
2 = 4 GeV2,
the CTEQ61L gluon distribution at xCTEQ61Lmin crosses
the EHKQS distribution, fixed at the value of xEHKQSmin ,
and continues to rise. Therefore, the behavior of the
relative kinematics distributions we compute can be
very sensitive to the treatment of the unconstrained x
region. Since the two distributions are also quite sen-
sitive to the scale, the ratios we compute will also be
strongly scale dependent.
2.3. Scale choice
In our calculations, we use values of the charm
quark mass and scale that have been fit to the total
cross section data using NLO calculations. The total
cross section data cannot be fit by adjustingmc and Q2
with a full LO calculation, employing LO PDFs and
the one-loop αs , because the resulting mc would be
too small for perturbative applications. See Ref. [11]
for more discussion. The best agreement with the
total cross section data is obtained with mc = 1.2
GeV and Q2 = 4m2c for standard DGLAP-evolved
NLO PDFs such as CTEQ6M [2] and MRST [15].
Nearly equivalent agreement may be obtained with
mc = 1.3 GeV and Q2 = m2c [16,17]. Thus our main
results are based on these inputs. Alternative fits to
the fixed-target total cross sections can be achieved
with larger values ofmc by separating the factorization
scale, QF , from the renormalization scale, QR , e.g.,
Q2F = 4m2c and Q2R = m2c or m2c/4, and allowing
the fast running of αs in this Q2R region to increase
the cross sections. Note that if Q2 = Q2F  Q20, the
PDFs are unconstrained in Q2. We keep Q2F =Q2R , as
in all typical PDF fits such as Refs. [2,15], limiting
ourselves to relatively small values of mc to obtain
agreement with the total cross section data. The PDFs
are thus evaluated above Q20 for the masses and scales
we use.
Note that we have discussed scales proportional to
m2c in the calculations of the total cross sections. Such
scales are used because the total NLO partonic cross
section can be written analytically as a function of
4m2c/s where s is the partonic center-of-mass energy
squared [18]. In this case, the charm quark mass in the
only relevant scale. However, in inclusive distributionssuch as we compute here, the quark pT also enters
since a scale proportional to m2T is needed to control
pT -dependent logarithms. Therefore, in our calculated
ratios of distributions, we take Q2 = m2T with mc =
1.3 GeV and 4m2T with mc = 1.2 GeV.
Whether the high and low energy behavior of the
charm cross section can be described simultaneously
by the same values of mc and Q2 is an open question.
Since the slopes of the gluon distributions differ at low
and high x , the scale dependence is a strong function
of
√
S. At high x , xfg(x,Q2) is larger at low Q2 than
at higher scales. Thus at fixed target energies, σ(m2c) >
σ(4m2c). At collider energies, such as at the LHC, x
is small and xfg(x,Q2) is increasing with Q2 so that
σ(4m2c) > σ(m2c) even though αs(m2c) > αs(4m2c). We
thus extend the parameter space of our calculations to
study the possible effect on higher masses, mc = 1.8
GeV with Q2 =m2T and 4m2T .
3. Results
We start with results insensitive to the uncon-
strained region at x < xmin = 10−5. In inclusive kine-
matics with an identified charm quark and fixed xT =
2mT /
√
S, the unconstrained x-region contributes to
charm production at high rapidities, in the region
yu ≡ ln
(
1
xT
−
√
1
x2T
− 1
xmin
)
(2) |y| ln
(
1
xT
+
√
1
x2T
− 1
xmin
)
.
The upper limit, close to the phase space bound-
ary, is not of interest here. Expanding the lower
limit, yu, in powers of x2T /xmin  1, we arrive at
yu ≈ ln[mT /(xmin
√
S )] ln[mc/(xmin
√
S )]. If mc =
1.2 GeV, the small-x region contributes to charm pro-
duction at |y| yu = 2.2, 2.6 and 3.1 for
√
S = 14, 8.8
and 5.5 TeV, respectively. If mc = 1.8 GeV, the uncon-
strained region is probed when |y| yu = 2.6, 3.0 and
3.5, respectively.
First, we study the ratio of the fully differential
cross sections calculated with the EHKQS densities
relative to the CTEQ61L densities at fixed y and y2,
(3)R(pT , y, y2)≡ d
3σ(EHKQS)/(dpT dy dy2)
d3σ(CTEQ61L)/(dpT dy dy2)
.
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a function of pT for several values of y and y2, all
within the range constrained by data: y = y2 = 0 (solid
curves), y = 2, y2 = 0 (dashed) and y = y2 = 2 (dot-
dashed). Fig. 2 presents R(pT , y, y2) for the values
of mass and scale that agree best with the total cross
section data, mc = 1.2 GeV and Q2 = 4m2T on the
left-hand side and mc = 1.3 GeV, Q2 = m2T on the
right-hand side. Fig. 3 shows the same unintegrated
ratios for our upper limit on mc, 1.8 GeV and Q2 =
m2T ,4m
2
T . The center-of-mass energies shown are√
S = 14 (upper), 8.8 (middle) and 5.5 (lower) TeV.
Figs. 2 and 3, which demonstrate the sensitivity of
the enhancement to mc and Q2, can be understood by
inspection of Fig. 1. At these high energies, the gg
channel dominates so that the partonic cross sections
essentially drop out of the ratios, and
R(pT , y, y2)≈ x1fg(x1,Q
2)EHKQS
x1fg(x1,Q2)CTEQ61L
× x2fg(x2,Q
2)EHKQS
x2fg(x2,Q2)CTEQ61L
(4)≡Rg
(
x1,Q
2)Rg(x2,Q2),
where we have denoted the ratio of the EHKQS and
CTEQ61L gluons by Rg . The x values are easily
calculated at LO for each curve using the defini-
tions x1,2 =mT [exp(±y)+ exp(±y2)]/
√
S . Since de-
creasing
√
S increases x and consequently decreases
Rg(x,Q
2), the enhancement decreases with energy. In
addition, Rg(x,Q2) decreases with increasing Q2, so
that increasing mc and Q2 also reduces the enhance-
ment. Both x1 and x2 are small when y = y2 = 0 so
that the enhancement is largest at midrapidity. Mov-
ing away from midrapidity, e.g., to y, y2 > 0, in-
creases x1 and decreases x2, correspondingly decreas-
ing Rg(x1,Q2) and increasing Rg(x2,Q2). The ra-
pidity dependence shown on the right-hand sides of
Figs. 2 and 3, for the lower Q2, is rather weak. The dif-
ference between the dashed (y = 2, y2 = 0) and dot-
dashed (y = y2 = 2) curves is very small and the en-
hancement at y = y2 = 2 lies marginally above that
for y = 2, y2 = 0 over all pT . When the scale is small,
the CTEQ61L gluon distribution changes very slowly
with x for x < 0.01, about 20% for 10−4  x  10−3
when Q2 = m2c and mc = 1.3 GeV (pT ≈ 0), so that
R(pT , y, y2) is not a strong function of y and y2. How-ever, the results for the larger scales, shown on the left-
hand sides of Figs. 2 and 3, exhibit the opposite be-
havior along with a stronger rapidity dependence. At
larger scales, the slope of the CTEQ61L gluon distri-
bution with x is considerably stronger, resulting in a
factor of two difference in the gluon distribution over
the range 10−4  x  10−3 whenQ2 = 4m2c andmc =
1.2 GeV (pT ≈ 0), introducing a stronger rapidity de-
pendence of R(pT , y, y2) at higher scales. The nonlin-
earities die out at large scales since the EHKQS gluons
become similar to the CTEQ61L gluons so that the en-
hancement inR(pT , y, y2) disappears at largepT . The
ratio does not become equal to 1 because CTEQ61L
and the EHKQS sets are not identical either at high Q2
or larger x . Note that α2s (EHKQS)/α2s (CTEQ61L) ≈
0.9, allowing R(pT , y, y2) to drop below 1 at high pT .
Next, we turn to the integrated ratios,
R(y)≡ dσ(EHKQS)/dy
dσ(CTEQ61L)/dy ,
R(pT )≡ dσ(EHKQS)/dpT
dσ(CTEQ61L)/dpT
,
(5)R(M)≡ dσ(EHKQS)/dM
dσ(CTEQ61L)/dM ,
shown in Figs. 4 and 5. All three energies,
√
S = 14
(solid), 8.8 (dashed) and 5.5 (dot-dashed) TeV, are
shown in each plot. Fig. 4 shows the integrated ratios
for the mass and scale values that best agree with the
total cross section data, mc = 1.2 GeV, Q2 = 4m2T on
the left-hand side and mc = 1.3 GeV, Q2 =m2T on the
right-hand side. Fig. 5 shows the corresponding results
formc = 1.8 GeV with Q2 = 4m2T (left-hand side) and
m2T (right-hand side).
As discussed previously, at midrapidity the results
for R(y) are insensitive to the EHKQS extrapolation
region x < xEHKQSmin . The magnitude of the enhance-
ment in R(y) can be understood from the uninte-
grated results. Since R(y) is integrated over pT , it
does not only reflect the enhancement at mT = mc
(pT = 0) because Q2 ∝ m2T [19] and the pT dis-
tribution peaks around pT ≈ 1 GeV. When R(y) is
calculated with Q2 = m2T , shown on the right-hand
sides of the figures, the ratios are broad due to the
stronger growth of Rg(x2,Q2) relative to the reduc-
tion of Rg(x1,Q2) with increasing y , i.e., decreas-
ing x2 and increasing x1. The ratio is broad because
the CTEQ61L gluon distribution is relatively flat as a
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Fig. 2. We present R(pT ,y, y2) for fixed y and y2 as a function of charm quark pT at
√
S = 14 TeV, (a) and (d), 8.8 TeV, (b) and (e), and 5.5
TeV, (c) and (f), in pp collisions. The results are shown for y = y2 = 0 (solid curves), y = 2, y2 = 0 (dashed) and y = y2 = 2 (dot-dashed). We
show mc = 1.2 GeV and Q2 = 4m2T on the left-hand side and mc = 1.3 GeV and Q2 =m2T on the right-hand side. Note the different scales
on the left- and right-hand axes.
Fig. 3. As in Fig. 2 but for mc = 1.8 GeV and Q2 = 4m2T (left-hand side) and for mc = 1.8 GeV and Q2 = m2T (right-hand side). Note the
different scales on the left- and right-hand axes.
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Fig. 4. We present R(y), (a) and (d), R(pT ), (b) and (e), and R(M), (c) and (f), in pp collisions at
√
S = 14 (solid), 8.8 (dashed) and 5.5
(dot-dashed) TeV. The left-hand side shows mc = 1.2 GeV and Q2 = 4m2T , the right-hand side mc = 1.3 GeV and Q2 =m2T .
Fig. 5. As in Fig. 4 but for mc = 1.8 GeV and Q2 = 4m2T (left-hand side) and Q2 =m2T (right-hand side).
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decreases and broadens with decreasing energy.
The rather sharp turnover in R(y) indicates where
the extrapolation region x < 10−5 begins to con-
tribute. The rapidity at which x < 10−5 is larger for
lower energies and largermc, see Eq. (2). The clear de-
crease of R(y) below 1 at large rapidity for Q2 = 4m2T
is perhaps surprising. This effect is a consequence
of the small-x extrapolation adopted for the PDFs
and can be understood through an examination of
Fig. 1. While the EHKQS gluon distribution is fixed
at its value at xEHKQSmin = 10−5, the CTEQ61L distrib-
ution continues to change until xCTEQ61Lmin = 10−6. At√
S = 14 TeV, the rapidity at which some x values fall
below xEHKQSmin is yu = 2.2 (2.6) for mc = 1.2 (1.8)
GeV. For |y|> yu and Q2 > 4 GeV2, as x decreases,
the CTEQ61L gluon distribution increases consider-
ably above the EHKQS distribution. Thus R(y) < 1 at
large rapidities.
Since the rapidity distributions are rather flat, there
are still important contributions to the pT and mass
distributions, up to ∼ 30% and 40%, respectively, at√
S = 14 TeV for mc = 1.2 and Q2 = 4m2c , from
the extrapolation region. The contribution from the
extrapolation region to R(M) is larger since when m2T
is small, M can still be large because the difference
y − y2 can be large while either or both y and y2 can
be in the low x region. Thus the sensitivity of R(pT )
and R(M) to the unconstrained region should be kept
in mind.
The magnitudes of R(pT ) and R(M) in Figs. 4
and 5 are similar to those of R(pT , y, y2) in Figs. 2
and 3. However, the relative energy dependence is re-
versed from the large to small scales. At the largest√
S, the contribution from the x < 10−5 region is
the largest, and as seen in Fig. 1, if the scales are
e.g., above 5 GeV2, the CTEQ61L gluon density
becomes higher than the EHKQS gluon density at
x  10−5, suppressingR(pT ) relative to R(pT , y, y2).
At smaller
√
S the higher x values reduce the contri-
bution to dσ/dpT from the region x < 10−5. Thus the
suppression of R(pT ) from the extrapolation region
is reduced with decreasing energy, explaining the rel-
ative values of R(pT ) and R(M) with energy shown
with Q2 = 4m2T (the left-hand sides of Figs. 4 and 5).
In contrast, for Q2 =m2T , the EHKQS gluon density is
always higher than CTEQ61L at small x (see Fig. 1),and the energy dependence remains the same as in
Figs. 2 and 3.
4. Discussion
Including the GLRMQ terms with DGLAP evolu-
tion enhances the low-x proton gluon distribution [9].
It may, however, be very difficult to distinguish be-
tween linear and nonlinear Q2 evolution on the ba-
sis of the F2 HERA data alone. Other probes of the
low-x gluon distribution, such as charm production in
DIS at HERA and in pp collisions at the LHC, will
hopefully provide the necessary further constraints. In
this Letter, we have demonstrated how the nonlinear
PDFs constrained by the HERA data can cause a sig-
nificant enhancement in the LO charm quark cross sec-
tions in pp collisions at the LHC. The enhancement is
defined relative to the results expected with the pure
DGLAP PDFs which also fit the same HERA data.
Quantitatively, however, this enhancement is shown
to be very sensitive to the charm quark mass and the
scale. Clearly, in addition to collecting more data, fur-
ther theoretical input is needed to reduce this sensitiv-
ity, such as resummation schemes for the heavy quark
cross sections. An approach using high energy resum-
mation with kT -factorization and off-shell matrix ele-
ments in hadroproduction, was proposed [20,21]. For
recent progress in this area, see [22] and references
therein.
Our basic message is the following. Currently the
high-precision HERA data on the structure function
F2(x,Q
2) and its derivative with respect to Q2 pro-
vide quite stringent constraints on the gluon distribu-
tion. Consequently, the CTEQ61L and MRST2001LO
gluon distributions are very similar. If a significant
enhancement of charm production, unexpected from
DGLAP evolution alone, is found at the LHC, such
an enhancement cannot be absorbed into the DGLAP-
evolved gluon distributions without introducing a
steeper lnQ2 slope of F2(x,Q2) than allowed by the
HERA data. Therefore, such an enhancement would
be a signal of nonlinear effects on the PDF evolution.
The unintegrated ratios, R(pT , y, y2), at |y, y2| 2
and pT ≈ 0 are quite large for the masses and scales
that best agree with the fixed target data. As discussed
above, in charm production at central rapidities the
PDFs are constrained by the HERA data. For the
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and Q2 = 4m2T , we find R(pT , y, y2) ≈ 1.4–1.5. The
enhancement is even larger for the smaller Q2 ≈
3.7–5.5 with mc = 1.3 GeV and Q2 = m2T . The
corresponding enhancement factors are smaller for
the upper limit on the charm mass, mc = 1.8 GeV,
1.1–1.2 for Q2 = 4m2T and 1.7–2.1 for Q2 = m2T .
We have also shown that the enhancement disappears
with increasing pT due to the decreasing importance
of the nonlinear terms at larger scales in the PDF Q2
evolution.
The enhancements of the integrated ratios are
somewhat reduced from the unintegrated results above.
The rapidity enhancement is R(y) ≈ 1.07–1.8 at
midrapidity for the energies studied. For the pT en-
hancement, we find R(pT = 0) ≈ 1.05–1.25 with
Q2 = 4m2T and ≈ 1.6–4.5 with Q2 = m2T over the
range of mc we investigate. The mass dependent
enhancement, R(M = 2mc), is similar albeit a bit
smaller than R(pT = 0). At larger pT and M , the ef-
fect dies out rather quickly, see Figs. 4 and 5. The
main uncertainty in R(pT ) and R(M) is the sizable
contribution from the region x < 10−5, currently un-
constrained by the HERA data. Thus the enhancement
also depends on the extrapolation of the PDFs in this
x region.
The enhancement we calculate here should be an
upper limit on the possible effect at LO, as we now
discuss. The recombination radius of the gluon lad-
ders in the GLRMQ terms was assumed to be the
proton radius in the EHKQS analysis [9]. The pro-
ton radius was the lower limit on the recombination
radius since it gave the strongest possible recombi-
nation effect while still describing the H1 data [10]
over the full range, x  3× 10−5 and Q2  1.5 GeV2,
without entering the saturation region. In the satura-
tion region, further nonlinear terms become important
and the DGLAP + GLRMQ evolution breaks down.
Thus, in this approximation, the EHKQS gluon dis-
tribution is the upper limit on the LO gluon distri-
bution. The results obtained here are then an upper
limit on the enhancement. Studies of the nonlinear
PDFs, particularly in the context of NLO DGLAP
evolution, are needed to go beyond this approxima-
tion.
Finally, we discuss possible detection of this en-
hancement. Fragmentation and decay should not wipe
out the effect, as also seen for shadowing in pA colli-sions [23]. Although the enhancement R(pT , y, y2) is
largest, see Figs. 2 and 3, dileptons may not be the best
channel to measure the enhancement because the ori-
gin of the individual pairs is unknown. The lepton pT
and y also does not correspond directly to the quark
pT and y . In addition, it is not clear how the enhance-
ment survives a minimum pT cut of the charm decay
leptons, even though these decay leptons are a major
component of the dilepton spectrum. Further simula-
tions of this would be worthwhile. Since the enhance-
ment disappears at large pT , the smallest possible pT
cut is desirable. At higher lepton pair masses, bb de-
cays dominate the dilepton mass distributions. The
enhancement rapidly decreases with increasing quark
mass so that effects on bb production are very small.
Single leptons from charm decays [24] may be a
better possibility. The single lepton enhancement may,
however, be somewhat reduced relative to that of the
pair. Of course fully reconstructed D mesons would
be the most desirable option. Reconstruction should
be possible for pT ≈ 1 GeV or less in ALICE with
identified kaons [25]. More complete simulations with
nonlinear PDFs should thus be performed.
Ideally, a better place to search for the nonlinear
effects would be pA collisions at the LHC [26]. The
GLRMQ corrections are expected to get an∝A1/3 en-
hancement from the nuclear size, causing the nonlin-
earities to be significant at larger values of x and Q2
than in free protons, see Ref. [27] in Ref. [26]. Thus
the enhancement should be more pronounced for nu-
clei. Before computing charm cross sections in nuclear
collisions, however, the nuclear PDFs should be ana-
lyzed within the DGLAP + GLRMQ framework, in-
cluding constraints from nuclear deep inelastic scat-
tering.
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